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F22 $C$ $k$ . $C$ $g_{1},$ $g_{2},$ $\ldots,$ $g_{k}$ $k\mathrm{x}n$ :
$G:=\ovalbox{\tt\small REJECT}_{g_{k}}^{g_{1}}g_{2}..\cdot\ovalbox{\tt\small REJECT}$
, $C=\{iG|i\in \mathrm{F}_{2}^{k}\}$ . , $G$ $C$ .
$i\in \mathrm{F}_{2}^{k}$ $G$ , $C$ $iG$ $i$
.
$C^{[perp]}$ $C$ $\mathrm{F}_{2}^{n}$ :
$C^{[perp]}:=$ {$v\in \mathrm{F}_{2}^{n}|v\cdot x=0$ for all $x\in C$}
. , $v\cdot x$ $v$ $x$ . $C^{[perp]}$ $h_{1},$ $h_{2},$ $\ldots,$ $h_{m}\in \mathrm{F}_{2}^{n}$ ,
$m\mathrm{x}n$
$H:=\ovalbox{\tt\small REJECT}_{h_{m}}^{h_{1}}h_{2}..\cdot\ovalbox{\tt\small REJECT}$
, $x\in$ $Hx^{T}=0$ , ,
$h_{\nu}\cdot x=0$ , $\nu=1,2,$ $\ldots$ , $m$ (1)
. , $H$ $C$ . , $k,$ $m$ $C$
, . $m\geq n-k$ .
2.2
$C$ , $x=(x_{1}, x_{2}, \ldots, x_{n})\in C,$ $y=$
$(y_{1}, y_{2}, \ldots, y_{n})\in \mathcal{Y}^{n}$ . $\mathcal{Y}$ . , $m\mathrm{x}n$ $H=(h_{\nu i})$
$C$ , $H$
$\{$
$A_{\nu}:=\{i|h_{\iota/i}=1\}$ , $\nu=1,2,$ $\ldots,m$ ,
$B_{i}:=\{I/|h_{\nu i}=1\}$ , $i=1,2,$ $\ldots,$ $n$
.
$C$ . $x\in \mathrm{F}_{2}^{n}$ $C$
( (1)) , $A_{\nu}$ $\sum_{i\in A_{\nu}}x_{i}=0(\nu=1,2, \ldots, m)$ , $x\in \mathrm{F}_{2}^{n}$
$P(x)$
$P(x)= \frac{1}{|C|}\prod_{\iota’=1}^{m}\delta(\sum_{i\in A_{\nu}}x_{i},$ $0)$
.
$\delta(a, b):=\{$
1, if $a=b$ ,
0, if $a\neq b$
.




, $y\in \mathcal{Y}^{n}$ , $x\in C$ $P(x|y)$ ,
$P(x|y)= \frac{P(x)P(y|x)}{\sum_{\infty}P(oe)P(y|x)}=\kappa\prod_{\nu=1}^{m}\delta(\sum_{i\in A_{\nu}}x_{i},$ $0) \prod_{i=1}^{n}P(y_{i}|x_{i})$ (2)
. $\kappa$ , $\sum ae\in \mathrm{F}_{2}{}_{n}P(x|y)=1$ .
, $\hat{x}\in C$ $x$ , $\hat{x}=$
$(\hat{x}_{1},\hat{x}_{2}, \ldots,\hat{x}_{n})$
$\hat{x}=\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{m}\mathrm{a}s\mathrm{c}P(x|y)oe\epsilon c$
[9]. (maximum aposteriori probability, MAP)
1. , $\hat{x}i\in \mathrm{F}_{2}$ $x_{i}$ ,
$\hat{x}_{i}=\mathrm{a}\mathrm{r}\mathrm{g}\mathrm{m}\mathrm{a}\mathrm{x}x_{\mathfrak{i}}\in \mathrm{F}_{2}P(x_{i}|y)$
[9]. , $P(x_{i}|y)$ , $P(x|y)$ $x_{i}$
$P(x_{i}|y):= \sum_{x_{1}}\cdots\sum_{x_{\mathrm{t}-1}}\sum_{x_{\dot{\mathrm{t}}+1}}\cdots\sum_{x_{n}}P(x|y)$
$(=o \sum_{e\sim x}.\cdot P(oe|y))$ (3)
2. (maximizer of posterior marginals, MPM) [5].
MAP , $C$ ( $2^{k}$ ) $P(x|y)$ , $x$
. , $k$ MAP
. MPM , $P(x|y)$ , $2^{n-1}$ $x\in \mathrm{F}_{2}^{n}$ $P(x|y)$
, $n$ .
, . ,




$x_{1},$ $x_{2},$ $\ldots,$ $x_{6}$ $P(x)=P(x_{1}, x_{2}, \ldots, x_{6})$
$P(oe)=f_{\alpha}(x_{1}, x_{2}, x_{3})f\beta(x_{1}, x_{4})f_{\gamma}(x_{4},x_{5})f_{\delta}(x_{4}, x\epsilon)$ (4)
. , , $x_{1}$
$P_{1}(x_{1}):= \sum_{\alpha\sim x_{1}}P(x)$
(iv)
$P_{1}(x_{1})= \{\sum_{x_{2}}o\sum_{e\mathrm{a}}f_{\alpha}(x_{1_{1}}x_{2}, x_{3})\}\{\ovalbox{\tt\small REJECT}$





1 $x\text{ }$ – $\llcorner^{\sim}\mathrm{c}\iota\backslash \epsilon$ , (maximum likelihood, $\mathrm{M}\mathrm{L}$ ) 1 .
2 , $x_{i}$ ‘\Re $\sum_{x_{1}}\cdots\sum_{x_{i-1}}\sum_{x_{t+1}}\cdots\sum_{x_{n}}$ $\sum_{\varpi\sim x_{\dot{\mathrm{t}}}}$ \mbox{\boldmath $\tau$}. .
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1: (4) $P(x)$ .
, .
, ,
[(1) $,$ (i1), (iii) ] $-arrow$ [ $(\mathrm{i}\mathrm{v})$ ] $arrow$ [ $(\mathrm{v})$ ] $arrow$ [ $(\mathrm{i})$ (v) ] $(*)$
, $x_{1}$ $P_{1}(x_{1})$ . , $x_{i}$
$n_{i}$ , (3) $n_{2}n_{3}n_{4}n\mathrm{s}n_{6}$ $P(x)$ $P_{1}(x_{1})$
, (5) $n_{2}n_{3}+n_{4}(n_{5}+n_{6})$
. , (5) . ,
, ,
sum-product $[3, 8]$ .
$P(x)(x=(x_{1}, x_{2}, \ldots, x_{n}))$
$P(x)= \kappa\prod_{\nu=1}^{m}f_{\nu}(oe_{1/})$ (6)
. , $x_{\nu}$ $f_{\nu}$ . , $\kappa$ .
(6) , $x_{i},$ $f_{\nu}$ $V,$ $F$ $V:=\{x_{1},$ $x_{2},$ $\ldots$ , x ,
$F:=\{f_{1}, f_{2)}\ldots, f_{m}\}$ . , $E\subset V\mathrm{x}F$ , $x_{i}\in x_{\nu}$ $(x_{i}, f_{\nu})\in E$
. , $\mathcal{G}=(V\cup F, E)$ , $P(x)$ ( (6)
) (factor graph) . $V,$ $F$ $\text{ }-\vdash.$ ,
1 (4) . ,
, . , 1
, $(*)$ (5) ,
,
.
, $(*)$ , $x_{i}$ ^
$(m_{\nuarrow i}(x_{i})),$ $\text{ }-\vdash^{\backslash ^{\backslash }}x_{i}$ $f_{\nu}$
$(m_{i\prec\nu}(x_{i}))$ .
, $(*)$ —\\llcorner , 1
.
$(*)$ , , $m_{\nuarrow i}(x_{i})$ ,
$m_{\dot{\mathrm{t}}arrow\nu}(x_{i})$ :
$m_{\nuarrow i}(x_{i}):=o \sum_{e_{\nu}\sim xj}f_{\nu}(x_{\nu})\prod_{i’\in N(\nu)\backslash \{i\}}m_{i’arrow\nu}(x_{i^{\prime)}}\}$ (7)
$m_{iarrow\nu}(x_{i}):= \prod_{\nu’\in N(i)\backslash \{\nu\}}m_{\nu’arrow i}(x_{i})$
. , , $\nu\in N(\mathrm{i})$ $m_{\nuarrow i}(x_{i})$
21 $\mathfrak{g}$
$Q_{i}(x_{i}):= \kappa_{i}\prod_{\nu\in N\langle i)}m_{\nuarrow i}(x_{i})$
$Q_{i}(x_{i}):=\kappa_{i}$ $\prod$ $m_{\nuarrow i}(x_{i})$ (8)
$\nu\in N\langle i)$
. , $\kappa_{i}$ , $N(\mathrm{i}),$ $N(\nu)$
x\sim $f_{\nu}$ .
$Q_{i}(x_{i})$ $P_{i}(x_{i})$ . ,
, ,
. ,
, (8) , (8) .
, , (7)
, (8) $Q_{i}(x_{i})$ , $P_{i}(x_{i})$
. , sum-product .
3.2 sum-product
, $P(x)$ , (7), (8) sum-product
$(x_{i})$ $x_{i}$ $P_{i}(x_{i})$ .
$P(x)$ (6) . $P(x)$ $\mathcal{G}=(V\cup F, E)$
, $\mathcal{G}$ $x_{i}$ , $\mathcal{G}$ $x_{i}$ (root)
. $x_{i}$ $\iota/\in N(\mathrm{i})$ , $\mathcal{G}$ , $\mathcal{G}$ ,
$x_{i}$
$f_{\nu}$ $\mathcal{G}$ . $T(\mathrm{i}, \nu)$ , $T(i, \nu)$
$V(\mathrm{i}, \nu),$ $F(\mathrm{i}, \nu)$ .
, $x_{i}(\mathrm{i}=1,2, \ldots, n)$
$\cup$ $V(i, \nu)=\{1,2, \ldots, n\}$ , $\cup$ $F(\mathrm{i}, \nu)=\{1,2, \ldots,m\}$ (9)
$\nu\in N(i)$ $\nu\in N(i)$
. , $N(i)$ $\nu_{1},$ $\nu_{2}$
$V(i, \nu_{1})\cap V(i, \nu_{2})=\emptyset$ , $F(i, \nu_{1})\cap F(\mathrm{i}, \nu_{2})=\{\mathrm{i}\}$ (10)
.
1 $P(x)$ (6) .
$m_{\nuarrow i}(x_{i}):= \sum_{\ddagger x_{i’}:i’\in V(i_{1}J)\backslash \{i\}}f_{\nu}(x_{\nu})\prod_{\nu’\in F(i,\nu)\backslash \{\nu\}}f_{\nu’}(x_{\nu’})$
, $P(x)$ , $P_{i}\langle x_{i}$) $= \kappa\prod_{\nu\in N(i)}m_{\nuarrow i}(x_{i})$
.
( ) (9), (10) ,
$P_{i}(x_{i})= \kappa o\sum_{e\sim x_{\dot{\mathrm{t}}}}\prod_{\nu=1}^{m}f_{\nu}(x_{\nu})$
$= \kappa\sum$ $\prod$ $\prod$ $f_{\nu’}(x_{\nu’})$
$i\mathrm{r}\sim x_{\dot{\mathrm{a}}}\nu\in N(i)\nu’\in F(i,\nu)$
$= \kappa\prod_{\nu\in N(i)}(\sum_{x_{i’}:i^{l}\in V(i,\nu)\backslash \{i\}}\prod_{\nu’\in F(i,\nu)}f_{\nu’}(x_{\nu’}))$
$= \kappa\prod_{\nu\in N(i)}(.\sum_{x_{\^{l}}:i’\in V(i,\nu)\backslash \{i\}}f_{\nu}(i\mathrm{r}_{\nu})\prod_{\nu’\in F(i,\nu)\backslash \{\nu\}}f_{\nu’}(x_{\nu’}))$
$= \kappa\prod_{\nu\in N(i)}m_{\nuarrow i}(x_{i})$
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.
$m_{\nuarrow i}(x_{i})$ 1 , $x_{i}$ , $\mathcal{G}$ $T(\mathrm{i}, \nu)(\nu\in N(\mathrm{i}))$
$m_{\nuarrow i}$ (x . , ,
$T(\mathrm{i}, \nu)$ .
2 $P(x)$ (6) . $P(x)$
$m_{l/arrow i(x_{i})=o\sum_{e_{U}\sim x_{i}}f_{\nu}(x_{\nu})\prod_{i’\in N(\nu)\backslash \{i\}}\prod_{\nu’\in N(i^{J})\backslash \{\nu\}}m_{\nu’arrow i’}(x_{i’})}$
.
( ) $V(i, \nu),$ $F(\mathrm{i}, \nu)$
$F(i, \nu)\backslash \{\nu\}=\cup\cup F(\mathrm{i}’, \nu’)i’\in N(\nu)\backslash \{i\}\nu’\in N(i’)\backslash \{\nu\}$
$V(\mathrm{i}, \nu)\backslash \{\mathrm{i}\}=(N(\nu)\backslash \{\mathrm{i}\})\cup(_{i’\in N(\nu)\backslash \{i\}\nu’\in N(i’)\backslash \{\nu\}}\cup\cup V(\mathrm{i}’, \nu’)\backslash \{\mathrm{i}’\})$
. , (9), (10) ,
$m_{\nuarrow i}(x_{\dot{\mathrm{t}}})=$
$\sum_{\dot{\mathrm{r}},x_{i’}:i’\in V(,\nu)\backslash \{i\}}f_{\nu}(x_{\iota/})\prod_{\nu’\in F(\dot{\mathrm{a}},\nu)\backslash \{\nu\}}f_{\mathrm{J}J’}(x_{\nu^{\prime)}}$
$= \sum_{ix_{i’}:i’\in V(\iota J\mathrm{I}\backslash \{i\}},f_{\nu}(x_{\nu})\prod_{i’\in N(\nu)\backslash \{i\}}\prod_{\nu’\in N(i’)\backslash \{\nu\}}\prod_{\mu\in F(i’\nu’)},f_{\mu}(x_{\mu})$
$=, \sum_{\mathrm{a}_{\nu}\sim x_{i}}f_{\nu}(oe_{\nu})\prod_{i’\in N(\nu)\backslash \{i\}\nu’\in}\prod_{\iota N(i)\backslash \{\prime\}}(\sum_{x_{l}:\ell\in V(i’,\nu’)\backslash \{i\}}h’(x_{\nu’}),\prod_{\mu\in F(i,\nu’)\backslash \{\nu’\}}f_{\mu}(x_{\mu}))$
$=o \sum_{e_{\nu}\sim x_{\dot{\mathrm{t}}}}f_{\nu}(x_{\nu})\prod_{i’\in N(\nu)\backslash \{i\}}\prod_{\nu’\in N(i)\backslash \{\nu\}},m\iota/’arrow i^{;(x_{i’})}$
$m_{iarrow\nu}(x_{\nu}):= \prod_{\nu\in N(i)\backslash \{\nu\}},m_{\nu’arrow i}(x_{i})$ 2 sum-product
(7) . , 1, 2 , 1 (7)
, (8) $Q_{i}(x_{i})$ .
33 sum-product
22 , MPM , (2) x\sim
. sum-product ,
$m_{\nuarrow i}$ ($i) $:=$ $\sum$ $\prod$ $m_{i’arrow\nu}(x_{i’})$
$\mathfrak{B}_{y}:\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}\sim x_{i}i’\in A_{\nu}\backslash \{i\}$
$m_{iarrow\nu}(x_{i}):=p(y_{i}|x_{i})$ $\prod$ $m_{\nu’arrow i}$ ($i)
$\nu^{J}\in B_{i}\backslash \{\nu\}$ /
. {$\underline{\mathrm{f}\exists}$ , $\mathrm{L}.:\mathrm{e}\mathrm{v}\mathrm{e}\mathrm{n}\sim oe:l\mathrm{h}$, $l\mathrm{f}\mathrm{f}\backslash \text{ }$ $oe_{\nu}$ x ’
$\mathrm{V}^{\backslash }$
. $P(x_{i}|y)$
$Q_{i}(x_{i}):= \kappa_{i}P(y_{i}|x_{i})\prod_{\nu\in B_{i}}m_{\nu\prec i}(x_{i})$
(11)
212
2: sum-product . $y$ , sum-product \mbox{\boldmath $\nu$}‘ $P_{i}(x_{i}|y\}$
, $\hat{x}$ .
. $\kappa_{i}$ .










$x$ $Q(x)$ $P(x)$ , ,
$Q(x)$ $P(x)$ $\mathrm{K}\mathrm{L}$ :
$D(Q||P):= \mathrm{a}\sum_{\mathrm{e}}Q(x)$ in $\frac{Q(x)}{P(x)}$
, , $\mathrm{K}\mathrm{L}$ , $D(Q||P)=0$
$Q(oe)=P(x)$ . , $P(x)$
$\mathrm{K}\mathrm{L}$ $Q(x)$ , $P(x)$ .
3 P( (6) . $P(x)$
I\sim (x $:= \mathrm{a}\sum_{\mathrm{e}\sim oe_{\dot{\mathrm{t}}}}P(x)=\kappa\prod_{\nu\in N(i)}m_{\nuarrow i}(x_{i})$,
$\backslash$









$= \kappa a\sum_{e\sim \mathrm{o}\mathrm{e}_{\nu}}f_{\nu}(x_{\nu})\prod_{i\in N(\nu)}\prod_{\nu’\in N(i)\backslash \{\nu\}}\prod_{\mu\in F(i,\nu’)}f_{\mu}(x_{\mu})$
$= \kappa f_{\nu}(x_{\nu})\prod_{i\in N(\nu)}\prod_{\nu’\in N(i)\backslash \{\nu\}}(\sum_{x_{j’}:i’\in V(i,\nu’)\backslash \{i\}}f_{\nu’}(x_{\nu’})\prod_{\mu\in F(i,\nu’)\backslash \{\nu’\}}f_{\mu}(x_{\mu}))$
$= \kappa f_{\nu}(X_{\mathcal{U}})\prod_{i\in N(\nu)}\prod_{\nu’\in N(i)\backslash \{\nu\}}m_{U}!\prec i(x_{i})$
.
4 $P(x)$ (6) . $P(x)$
$P(oe)= \kappa’\frac{\prod_{\nu=1}^{m}P_{\nu}(x_{\nu})}{\prod_{i=1}^{n}P_{i}^{|N(i)|-1}(x_{i})}$
. , \kappa .
( )
$\prod_{\nu=1}^{m}\prod_{i\in N(\nu)}\prod_{\nu’\in N(i)\backslash \{\nu\}}m_{\nu’arrow i(x_{i})=\prod_{i=1}^{n}\prod_{\iota/\in N(i)}(m_{\iota/arrow i}(x_{i}))^{|N(i)|-1}}$
, 3
$. \frac{\Pi_{\nu=1}^{m}P_{\nu}(x_{\nu})}{\Pi_{\=1}^{n}P_{i}^{|N(i)|-1}(x\dot{.})}=\frac{\Pi_{\nu=1}^{m}(\kappa f\nu(x_{\mu})\Pi_{i\in N(\nu)}\Pi_{\nu’\in N(i\rangle\backslash \{\nu\}}m_{\nu’arrow i}(x_{i}))}{\Pi_{i=1}^{n}(\kappa\Pi_{\nu\in N\langle i)}m_{\nuarrow i}(x_{i}))^{|N(i)|-1}}\propto\kappa\prod_{\nu=1}^{n}$ (x $=P(x)$
.
, $Q_{\nu}(x_{\nu}),$ $Q_{i}(x_{i})$ $x_{\nu},$ $x_{i}$ ,
$Q(x)= \kappa’\frac{\prod_{\nu=1}^{m}Q_{\nu}(x_{\nu})}{\prod_{i=1}^{n}Q_{i}^{|N(i)|-1}(x_{i})}$
(13)
$x$ . (6) $P(x)$ (13) $Q(x)$ $D(Q||P)$
$D(Q||P):= \mathrm{a}\sum_{\mathrm{e}}Q(x)\sum_{\nu=1}^{m}\log\frac{Q_{\nu}(x_{\nu})}{f_{\nu}(x_{\nu})}-o\sum_{e}Q(x)\sum_{i=1}^{n}(|N(i)|-1)Q_{i}(x_{i})\log Q_{i}(x_{i})+c$ (14)
. $c$ . , P( , 4 , (13)
$Q(x)$ $Q(x)=P(x)$ . , 3 , $Q(x)$







, $\mathrm{K}\mathrm{L}$ , $D(Q||P)^{*}$ $\{Q_{\nu}(x_{\nu}), Q_{i}(x_{i})\}$









(15), (16) $D^{*}(Q||P)$ $\{Q_{\nu}(x_{\nu}), Q_{i}(x_{i})\}$ , $D^{*}(Q||P)$
, , Lagrange :
$L:=D^{*}(Q||P)+ \sum_{i=1}^{n}\gamma_{i}(1-\sum_{x_{\dot{\mathrm{t}}}}Q_{i}(x_{i}))+\sum_{\nu=1}^{m}\sum_{i\in N(\nu)}o\sum_{e_{i}}\lambda_{\nu i}(x_{i})(Q_{i}(x_{i})-o\sum_{e_{\nu}\backslash x_{\dot{\mathrm{z}}}}Q_{\nu}(x_{\nu}))$ (17)
$\frac{\theta L}{\partial Q_{i}}\overline{x\dot{.})}=0,$ $\frac{\partial L}{\partial Q_{\nu}(oe_{\nu})}=0$ . ,
$\gamma_{i},$
$\lambda_{\nu i}(x_{i})$ , (15), (16) Lagrange . , (15)
1 , 2 (16) .
$Q_{i}(x_{i})= \exp[\frac{1}{|N(i)|-1}(\sum_{\nu\in N(i)}\lambda_{\nu i}(x_{i})-\gamma_{i})-1],$
$\sim$
$Q_{\nu}(x_{\nu})=f_{\nu}(x_{\nu}) \exp[\sum_{i\in N(\nu)}\lambda_{\nu i}(x_{i})-1]$
(18)
.
$P(x)$ , (12), (18) $(x_{i})=Q_{i}(x_{i}),$ $P_{\nu}(x\mapsto=Q_{\nu}(x_{\nu})$
, sum-product $m_{\nuarrow i}(x_{i})$ ,
$miarrow\nu(x_{\mathcal{U}})$ Lagrange $\lambda_{\nu i}(x_{i})$ ,
$\lambda_{\nu i}=$ $\sum$ $\ln m_{\nu’arrow i}(x_{i})$ $(=\ln m_{iarrow\nu}(x_{\nu}))$ (19)
$\nu^{l}\in N(i)\backslash \{\nu\}$
[11]. , (19) (18)
$Q_{i}(x_{i})= \exp[-\frac{\gamma_{i}}{|N(\mathrm{i})|-1}-1]\exp[\frac{1}{|N(\mathrm{i})|-1}\sum_{\nu\in N(i)}\sum_{\nu’\in N(i)\backslash \{\nu\}}\ln m_{\nu’arrow i}(x_{i})]$
$= \exp[-\frac{\gamma_{i}}{|N(i)|-1}-1]\exp[\frac{1}{|N(i)|-1}\sum_{\nu\in N\{i)}(|N(i)|-1)\ln m_{\nuarrow i}(x_{i})]$
$= \exp[-\frac{\gamma_{i}}{|N(\mathrm{i})|-1}-1]\prod_{\nu\in N(i)}m_{\nuarrow i}(x_{i})$
, $\gamma_{i}$ $Q_{i}$ (r $=P_{i}(x_{i})$ .
$Q_{\nu}(x_{\nu})=f_{\nu}(x_{\nu}) \exp[\sum_{i\in N(\nu)}\sum_{\nu’\in N(i)\backslash \{\nu\}}m_{\nu^{\mathit{1}}\prec i}(x_{i})-1]=e^{-1}f_{\nu}(x_{\nu})\prod_{i\in N(\nu)}\prod_{\nu’\in N(i)\backslash \{\nu\}}m_{\nu’arrow i}(x_{i})$
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$Q_{\nu}(x_{\nu})=$ F\mbox{\boldmath $\nu$}(x . , sum-product
, Lagrange .
, $Q,(x_{\nu})$ , Qi(x , ( $x_{\nu},$ $x_{i}$ $Q(x)$ ) – $x_{\nu}\dot,$ $x_{i}$
, (17) $L$ P(
. , $\sum ae\sim\varpi_{\nu}Q(x)=Q_{\nu}(x_{\nu}),$ $\sum oe\sim x_{i}Q(x)=Q_{i}(x_{i})$
$Q(x)$ , $D^{*}(Q||P)$ $\mathrm{K}\mathrm{L}$ .
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